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Recent calculations of the electronic structure of a hydrogen atom in niobium using microscopic 
first principles are extended in that the dynamical behaviour of a hydrogen impurity centre in Nb 
is considered quantummechanically. The calculated excitation energies are in good agreement with 
experimental values of time of flight-spectra taken from NbH0 05.

Introduction

In the work of Hau, Frodl, Sommer, and Wahl [1] 
the electronic structure of a single hydrogen impurity 
centre in Niobium is described. There the Niobium 
ions and the hydrogen nucleus are treated as classical 
particles. The displacements of the lattice ions caused 
by the presence of the impurity centre are described in 
the frame of classical harmonic theory.

In the present work the consideration of the hydro­
gen nucleus will be extended to a quantum mechanical 
treatment which opens the view to the dynamical 
properties of the impurity centre and allows for the 
evaluation of excitation energies to be compared with 
experimental results. We investigate the energy differ­
ence between a hydrided infinite niobium crystal, 
which we call the charged system, and its pure coun­
terpart, the reference system.

1. Formulation of the Energy Difference

For the charged system, the quantum mechanical 
treatment of the crystal electrons and the impurity 
centre within the classical host lattice yields the many 
particle Schroedinger equation

[Hex(X) + H$(X)] Y,X)
= EU(X) Yu(x, Y,X). (1.1)

* Present address: C. u. O.-Vogt Institut für Hirnforschung, 
Universitätsstr. 1, D-4000 Düsseldorf 1.
Reprint requests to Prof. Dr. F. Wahl, Institut für Theoreti­
sche Physik. Universität Tübingen, Auf der Morgenstelle 14, 
D-7400 Tübingen 1.

x, Y and X in (1.1) are the coordinates of the crystal 
electrons, the proton and the host lattice ions, respec­
tively. We consider the case T — 0, i.e. there are no 
thermally induced lattice ion movements. Further we 
neglect the deformation of the host lattice caused by 
the presence of the impurity. As carried through in [2], 
we apply a twofold adiabatic approximation in (1.1). 
On the one hand we disregard the influence of the 
electron and proton motions on the motion of the 
lattice ions. Thus we make an adiabatic decom­
position between the lattice ion motions and the pro­
ton and electron motions. Therefore the positions in 
the undisturbed lattice, X, enter (1.1) as a set of fixed 
values. As potentials of the proton and the lattice ions 
we use Coulomb potentials, so the Hamiltonians of 
(1.1) are

He(X) = - X
fi2 

2 m„
1
~ U.U.

Z e2

HP(X) =
fi2 

2 mr

Y |

Ay + X

H.n

Z e2 
Y — X„

X„
(1.2)

(1.3)

Z is the charge number of the host lattice ions, me and 
mp denote the mass of the electron and of the proton.

For the wave function in (1.1) we make the product 
ansatz

%Ax, Y, X) = (Pj{x, Y,X) xJY ,X ). (1.4)

On the other hand we carry out an adiabatic de­
composition between the motions of the electrons and 
the proton. This means that the electrons are seeing 
the proton as a classical particle and find themselves 
in their groundstate relative to the instantaneous pro­
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ton position. This proceeding converts (1.1) in to two 
coupled equations of electron subsystem and the pro­
ton subsystem:

He(X) cp^x, Y,X) = RHY,X) (pi(x, Y,X), (1.5)
[EUY,X) + HV(X)] Xij(Y,X)

= E?j(X)Xij(Y,X). (1.6)

The total energy of the charged system becomes

E^ = El(X + Ew(X), (1.7)

where EW(X) is the energy of the classically treated 
host lattice ions in their ideal lattice positions.

For the reference system we get after an adiabatic 
decomposition between the crystal electrons and the 
host lattice ions

HRe(X) cpR(x,X) = E$'e(X) (pR(x,X) 

with the Hamiltonian

(1.8)

R ~ ft'H*-'(X) = - X  —  Ax 
ß 2 me

Ze2

1
ii. ii

H.n l-v̂

The total energy of the reference system is

FR E £ e(X) + Ew(X).

(1.9)

(1.10)

Now we are able to define * the energy difference be­
tween the charged system and the reference system in 
its groundstate (k = 0):

AE: = E ? j-E R0
= ( Xij(Y ,x \ [E!{y,X) + h*(X)] 

■Xij(Y,X))Y- E R0'e(X)

= (Xu(Y,X), [EUY,X)~ ER0 e(X) + H*(X)]
•Lj(Y,X)>y 

= ( Xij(Y,X),0P(X)xij(Y,X)>y. (1.11)

The scalar product < ...,...}Y in (1.11) denotes the 
integration over the proton coordinates. In the follow­
ing one has to consider the eigenvalues of the operator

0 P(X) = [a)(Y,X) + HP(X)]. (1-12)

In (1.12) we used the definition of the electronic energy 
difference

w(y\X): = EUY,X) ER0 e(X). (1.13)

* This definition of the energy difference differs by a con­
stant from that given in [1],

2. Electronic Energy Difference

As described in [2], the electronic energy difference 
in (1.13) will be calculated with the New Tamm Dan- 
coff procedure, wich is a field theoretical method to 
calculate energy differences. The mathematical struc­
ture of the NTD formalism has been investigated by 
Feist and Wahl in [3] and [4]. Under the transforma­
tion in a suitable tensor Fock space the second quan­
tized problems of the charged and the reference system 
can be reduced to one functional eigenvalue equation. 
In the lowest approximation, the so called zeroth ap­
proximation, the functional eigenvalue equation of 
the electronic difference problem can be reduced to 
the equation

Si (z, x) D{x, x', X)
|x -  Y\

Ö (x — x'

Sl (x', y') h(y') = (a>(Y,X)-VPtW(Y,X))h(z)

= :/.(Y,X)h(z). (2.1)

In (2.1) and further we use the extended Einstein con­
vention, i.e. one has to integrate multiple arguments.

As discussed in [5], the absolute square of the solu­
tion function |/7(x)|2 can be interpreted as the addi­
tional electron density induced by the presence of the 
impurity centre.

St (x, x') is the projection operator on the unoccu­
pied states of the conduction band of the niobium 
crystal, D(x,x',X) is the Hartree-Fock operator of the 
pure crystal. VP V(Y,X) represents the potential of the 
embedded proton in the coulomb field of the valence 
electrons. The eigenvalue a{Y,X) of (2.1) enters the 
proton calculations in paragraph 3 as the additional 
electronic potential.

The solution of (2.1) in the case of niobium as host 
crystal has been solved in [1] for the proton fixed at the 
tetrahedral interstitial site. The Hartree-Fock opera­
tor was formulated with a Slater-Xa approximation 
for the exchange interaction as a local operator. Nio­
bium being a transition metal of the electronic config­
uration (4d)4(5s)\ its electron density is extremely 
inhomogenious. The expression Fp v(7, X), which 
also occurs in the Hartree-Fock operator as potential 
of the valence electrons, can be constructed with a 
valence electron density function ne(r):

V^P(Y,X) = - e 2\ ne(r') 
Y - r '  I

dr' (2.2)
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This density function ne(r) of the niobium valence 
electrons was originally calculated in [6] by means of 
selfconsistent pseudopotential calculations and repre­
sented in [7] in polar coordinates by the use of spheri­
cal functions. For the expansion of the operators 
SJx, x') of equation (2.1) in [1] only the plane wave 
states describing the 5s-valence electrons were used. 
The so constructed projection operator is only or- 
thogonalizing on the 5s-valence states. A consider­
ation of the 4d-valence states in the construction of 

(x, x') would lead to an additional repulsive effect in 
the proximity of the lattice ions. A similar repulsive 
effect results if we take into consideration the spatial 
extension of the Niobium ion caused by the presence 
of its core electrons. In [1] these effects are reproduced 
by introducing a repulsive correction potential which 
is added to the simple coulomb potential of the lattice 
ions. For this additional ionic potential the ansatz

Ze2 
VHC( r ) = ---- e"r

(2.3)

is made. The parameter y governs the range of the 
additional ionic hardcore **. In [1], a range is given in 
which the hardcore parameter y should be situated: 
0.4 < y < 0.5. We use in the present calculations 
y = 0.4, which will be subject to discussion in the last 
part of this paper.

In [1], as a set of expansion functions for h(x) the 
hydrogen functions <f>hm(r') to the ionic charge num­
bers Z = 1 and Z = 5 are used. Additionally, these 
functions have been cut below the Fermi energy by 
applying the projection operator (x, x'), so that the 
condition h(x) = SJx,x') h(x') holds.

with

h(r) = ß o«A{ oo (r)+ X ß nlm •Anlm(r)n. I, m

K J r )  = SAr,r') </>znlJ r ') .

(2.4)

(2.5)

For the problem of the proton being displaced from 
the tetrahedral interstitial site we use the expansion 
system (2.4). Different from previous works, [8] and 
[9], the expansion functions are centered at the instan­
taneous place of the proton and not at the interstitial 
site. The potential around the interstitial site plotted

** To simplify the further discussion we talk about the ionic 
hardcore although the additional potential is of Gaussian

in [1] shows a strong dominance of the unscreened 
proton potential compared to the lattice ions poten­
tial, which is screened by the inhomogenious valence 
electron density. The wave function of the additional 
electron density h(x) is faced by a potential for which 
the potential of the Jellium model is no bad approxi­
mation. In the Jellium model the Coulomb potentials 
of the lattice ions and of the inhomogenious valence 
electron density are just compensating each other. In 
that model we expect of course a complete translation 
invariance relative to the instantaneous proton coor­
dinate. We used this fact to check the numerical con­
vergence of a interstitial centered expansion system. 
Jellium model calculations in which the expansion 
sum was carried to n = 7 and / = 3 were far away from 
reproducing this translation invariance of the proton. 
Carrying on the expansion to / = 4, which represents 
the limit of the tenable numerical effort at the mo­
ment, didn't improve that result. This fact lead us to 
the choice of an expansion system which follows the 
proton at each moment. If we separate the proton 
coordinate: Y = Y + y, where Y is the coordinate of 
the interstitial place, the expansion system can be 
written

h'y(r): = ßo^\oo(r ~  y)+ X ßnim^nimir ~ y) ■
nlm

(2.6)

Insertion of (2.6) into (2.1) and transformation of the 
coordinates origin in the instantaneous proton place 
(which is possible because of the translation invari­
ance of (x, x')) leads to

Sx (x, x') D(x' + y, X) + 

= Hy)h{x),

Sx (x', z) h (z)

(2.7)

type and not a hardcore.

where h(x) is the interstitial centered expansion sys­
tem (2.4).

The expansion of h(x) is carried out to n = 7 and 
/ = 3 which reduces (2.7) to a 79 x 79 matrix equation 
for the coefficients ßnlm in (2.4). The solution of this 
equation yields the additional electronic potential 
k{y) required in the protonic calculations on a point 
lattice.

As it can be seen in Fig. 2, the additional electron 
potential /(y) bears an antibinding character. We are 
able to state at this point that an increase of y, which 
implies a reduction of the hardcore range, leads to a 
reinforcement of the antibinding character of the addi­
tional electron potential /(y).
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3. Protonic Subsystem

On the grid on which z(x) is given, a numerical 
calculation of the eigenvalues of the operator 0 P of 
(1.12) is possible. With (2.1) equation (1.12) becomes

000 
©

0P(X) = [HP(H) + VP_v(Y,X) + X(y,X)] 
ft2

2 m,
Ay + G(y,X)

J*

1
1 111 
I <5}%

A \

X

------

I I /

i

©

i0?? k

/t------------------,1̂20 2

(3.1)

where with (2.2) and (1.3) the effective adiabatic pro­
ton potential is given by

Ze2
G(y,X): = Z ------- 7TT

n \ y - x n\

, . nAr') 
~ e 2 - ^ - d r '  + H ^ X ). (3.2) 

\ y - r \

For the further evaluation of the second expression in 
(3.2) it is necessary to consider the explicit form of the 
valence electron density used in [7], which was origi­
nally calculated in [6] for pure Nb by the use of pseudo 
potential calculations.

Z
nAr) = — 

Vn
X > '(r-X „) + «0 (3.3)

with

n'(r) =
n! (r) 4- n2 (r) W cp) — n0 for r < Rh 
0 for r > R;.

Fig. 1. Tetrahedral interstitial site in a bcc lattice.

Rj is the half distance from one lattice ion to its nearest 
neighbour, V0 denotes the volume of the Wigner-Seitz 
cell and (r, ,9, cp) is the representation of r in polar 
coordinates.

In the second expression of (3.2) it is possible to split 
the integral over the whole crystal volume into a sum 
of integrals on each Wigner-Seitz cell. So we can ex-

0.1 0.2 
DISPLACEMENT IN LATTICE CONSTANTS

0.00 0.05 0.10
DISPLACEMENT IN LATTICE CONSTANTS OF NIOBIUM

Fig. 2. Diagrams of the additional electronic potential /.(}', X) in >' direction (left) and .x direction (right). Orientation of the 
displacement directions in the lattice see Figure 1.



927 F. T. Sommer et al. ■ Calculation of the Excitation Energies of a Hydrogen Impurity in Niobium

press the first two terms in (3.2):

P(y): = T
Z e:

7 I y -  Xn
M r')
y - r '

dr'

Z ____Zno -
P i t/ J

1
_ ly ~ * J  V0 v0\ y - X n- r ' \  

n'(r')

d2r'

Z e2 .
- z —n vo v0 \ y - X n- r ' \

d r ' .

F„.(r) represents the potential resulting from the inho­
mogenious contribution n'(r) of the valence electron 
density. The lattice sum in Vn-(r) can be separated into 
two parts. For lattice ions situated in the proximity of 
the proton we evaluate exactly the integral over n'(r). 
The valence electron density near far away lattice ions 
is taken into account as negative virtual point charges 
Zv located in the ionic positions. In the following it is 
more suitable to sum up the far away approximation 
over the whole lattice and to add a correction term for 
the lattice ions in the proximity of the proton:

P(y) = Z e 2 y - x n
z , _  Zno , __

K voly
l

d V

= Pviy)

+ Z  e2
n.N

n'(r')Zv____ ^
L l y - * J  V o l \ y - x n- r ' \

d V

= PK(y)

The notation n.N means "nearest neighbours". How 
many nearest neighbours have to be chosen in order 
to get a good approximation, depends on the spatial 
structure of the valence electron density nE(r). This can 
be estimated after the treatment of the correction term
PAy)-

For the far away approximation term we obtain 
after Fourier expansion

PAy) =
AnZn^e2

Vn

eiky 

k* 0 K
(3.4)

The convergence of the reciprocal lattice sum being 
slow, we use the convergence acceleration method of 
Ewald-Fuchs [10].

In the correction term we reparate n'(r) into a radial 
by symmetric part and a contribution which is de­
pending on the polar coordinate angle of r. The poten­
tial of the radial by symmetric part can be expressed

exactly by use of virtual point charges at the ionic 
sites. After some transformations [11], the correction 
term becomes

PK(y) =
Z 8 tt2 1
F0 45 t v l y - X J

(3.5)

0(coy_-Xn) j n2(r') r'b dr'

with the angle function G(ajy_xn)> a function depend­
ing only on the polar coordinate angle coy-xn °f the 
vektor y — Xn. The function &(a)y_xn) is explicitly 
given in [11],

The structure of nE{r) yields an expression for PK(y), 
in which the proton-ion distance enters the denomi­
nator in the fifth power. Hence we get a fast conver­
gence, and even in summing over only a small number 
of neighbour ions we obtain PK(y) with good accu­
racy. In the present calculations we used the ions 
within a radius of four lattice constants around the 
occupied interstitial site.

The diagrams in Fig. 3 show the entire potential of 
the proton operator in directions of the x-, z-axis 
and the y-axis. A displacement of the proton in the 
y-direction provides the maximum possible distance 
of the proton from its nearest neighbours. In this di­
rection we expect the potential wall separating the 
proton from the next interstitial place to be lowest. 
This potential wall should be significant for diffusion 
properties like the diffusion coefficient. The solution of 
the eigenvalue equation (the dependence on the lattice 
coordinates will be suppressed furtheron)

o PXij(y) = EijXij(y) (3.6)

can be executed with the product ansatz

Xij(y) = xix(yx) r y(yy)xiAyz), (3.7)
where yx, yy and y, denote the components of the 
vector y. The separation of the three dimensional 
problem is achieved by using the perturbation theo­
retical approach

Op = Op + Op. (3.8)

The contribution which can be separated exactly is

= + G (y ) + Gy(yy) + Gz(yz)2m„

= 0° + 0° + o? (3.9)

with Gx(yx): = G((yx, 0, 0)) and O": = - - — Ayx
2 m

+ Gx(yx) a.s.o.
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0.0 0.1 0.2 
DISPLACEMENT IN LATTICE CONSTANTS OF NIOBIUM

0.00 0.05 0.10
DISPLACEMENT IN LATTICE CONSTANTS OF NIOBIUM

Fig. 3. Diagrams of the entire adiabatic proton potential in y direction (left) and x direction (right).

As inseparable contribution remains

Ol = G(y) -  [Gx(yx) + Gy(yy) + G Jyz)]. (3.10)

Under consideration of perturbation terms of the first 
order we obtain the energy eigenvalues of (3.6)

EiJ = E°J + ElJ, (3.11)

where equals the sum of the eigenvalues from the 
one dimensional problems. For instance, the problem 
in the direction of the x-axis can be written as

o°x xxj(y x) = E0xjXxj(y x)- (3-12)
The energy correction of the first order is

Etj = <xtj{y), o lpXij( y ) \ .  (3.13)

The one dimensional problems can be solved numeri­
cally on the abscissae on which the entire proton po­
tential is given. The three dimensional integration in 
Ejj is also evaluated numerically on the grid on which 
the proton potential is available. We calculate the 
ground-state energy and the energies of the three low­
est excitation states. The electron subsystem remains 
always in its ground-state. Each of the three excited 
states posesses an excitation quantum in one direction 
of the three axes. Because of the symmetry properties 
of the bcc lattice of niobium the excitation states in 
x- and z direction are energy degenerated.

As results we obtain the excitation energy in x-, 
z-direction: 185.69 meV (experimental value: 180meV)

and in y-direction: 124.41 meV (experimental value: 
llOmeV). The energy correction of the first order 
amounts for the ground-state to 6.2%, for the excited 
state in x-, z-direction to 4.5% and for the excited 
state in y direction to 14.6%. The experimental values 
are results of neutron scattering experiments which 
where carried out by Verdan et al. [12].

The above results are quantitatively not complete­
ly satisfactory; hence we should analyse all insufficien­
cies involved. There is the hardcore parameter y as one 
feature in the niobium model we used, which is not 
completely fixed. With y = 0.4 we took the lowest val­
ue of the y range suggested in [1]. Regarding the dis­
cussion at the end of paragraph 2 concerning the influ­
ence of y on the electronic potential, it can be 
concluded that an increase of y would cause a diminu­
tion of the protonic excitation energies. Hence the 
increase of y could improve the agreement with the 
experiment. This also confirms the results of [1] where 
the best agreement with experimental values of the 
storage energy and lattice deformation was achieved 
with y = 0.45 *. On the whole the introduction of the 
ionic correction potential in the underlying niobium 
model is not quiet satisfactory and should be replaced 
by a more qualified treatment of the 4d valence elec­
trons.

* Because the results of [1] where not known when the pres­
ent calculations were started, we could not take into account 
those results in the choice of y.
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Another improvement would be a calculation in­
cluding effects caused by lattice displacements. It will 
be easy to threat displacements of the nearest neigh­
bours and next nearest neighbours by using the dipole 
approximation which was applied in [1], A more accu­
rate calculation of the electronic problem should start 
from a higher approximation of the NTD-procedure, 
as it is worked out in [5] and [13].

Diffusion problems of hydrogen in niobium have 
been successfully investigated by Teichler et al. [14]

using phenomenological proton potentials. With the 
knowledge of the adiabatic proton potential resulting 
from the methods described in this paper a first princi­
ples calculation of diffusion properties should be pos­
sible and will be subject of following work.

The numerical calculation was executed in Fortran 
77 on a BASF 7/88 of the Rechenzentrum der Uni­
versität Tübingen.
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